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Abstract 



a 
< 

d . We give a complete description of the fourth tautofogical group of the moduh space of 

pointed stable curves, Mg^n, and prove that for 5 > 8 it coincides with the cohomology 
group with rational coefficients. We further give a conjectural upper bound depending on 
the genus for the degree of new tautological relations. 

> 

^ : 1 Introduction 

O . Let A4g,n be the moduli space of n-pointed complex stable algebraic curves of genus g. 

[ The existence of some degree 4 relations among tautological classes has been proved 

with various methods by E. Getzler, C. Faber, R. Pandharipande and P.Belorousski, while 
other relations are obtained as a consequence of the well known ones in degree 2. 

We actually prove that no other relations can arise, and that for genus g > 8, the co- 
homology group H'^ (A^g,n,Q) coincides with its tautological subgroup. The main results 



of this paper are formally stated in Theorems nil and 19 



It turns out that new relations appear only in genus up to 5, whereas for higher genus 
^ • all possible relations arise only as a consequence of degree 2 ones. The proof of this fact 



allows us to suggest in Conjecture |18| an upper bound depending on the genus for higher 
degree new tautological relations. 



As for the methods, E. Arbarello and M. Cornalba proposed in [ ACl ] new methods 
for computing the cohomology groups with rational coefficients of Mg^n', their strategy is 
to establish a strict relation between the cohomology of the moduli space and the one of 
the irreducible components of the boundary, which in turn can be expressed in terms of 
moduli spaces of curves with lower genus or with lower number of marked points. With 
similar arguments, we establish inductive procedures on genus and/or number of markings 
to derive constraints among coefficients in possible relations. 

We will therefore be able to give the explicit expression of a new relation in (^^3,2) , 
whose existence was proved by Faber as a consequence of the existence of a tautological 
relation on the open part A^3,2- Furthermore, we will exclude the existence of any relation 
other than the known ones. 



A description of H'^ (^A4g,Q), for g > 12, has been given by D. Edidin in |Ed|, and 
once the tautological group is known, we can adapt his argument to prove that for g > 8, 
it coincides with the cohomology. For this, we make use of the results by Harer (| 
Ivanov (0) and Loojenga ([po|) on the homology of the mapping class group. 



This paper is extracted from my Tesi di Perfezionamento at the Scuola Normale 
Superiore, Pisa. In the present exposition, many of the calculations will be omitted. The 
interested reader can find them all in the thesis ( ]Po| ) , available upon request from the 
author. 

I wish to thank my advisor, Enrico Arbarello, as well as Gilberto Bini, Maurizio 
Cornalba, Carel Faber and Rahul Pandharipande for many extremely useful conversations. 

2 Stable graphs and tautological classes 

To every stable curve C of genus g, with P as a set of markings, one can associate a 
labelled graph T in the following way: 

1. draw a vertex v for every irreducible component C (f ) of the normalization C of C, 
and label it with the genus g (v) of that component, 

2. draw an edge between two vertices vi, V2 (possibly a loop if vi = V2) whenever the 
normalization map v : C ^ C identifies two points lying respectively in C {vi) and 

C{V2), 

3. draw a half-edge with vertex v whenever there is a marking in u {C (v)), and label 
it with the marking's name. We denote by P{v) the set of these markings. 

We call marked half-edges the half-edges constructed in 3. The total set of half- 
edges is the union of the set of marked half-edges with the set consisting of the halves of 
the edges constructed in 2. 

Let r (v) be the valence of a vertex, namely the number of half-edges with vertex v. The 
stability condition translates to: 2g {v)+r (v) > 3, for every vertex v. The genus of a curve 
corresponding to the graph T is 5 (F) = x (r) + g {v). Observe that the construction 
of the graph is only based on the topological type of the curve. 

Definition 1 A P-marked stable graph of genus g (briefly a {g,P) graph), is a 
connected graph with n = \P\ marked half- edges, with the following additional data: 

1) each vertex v is labelled with an integer g{v), 

2) the valence r{v) of any vertex satisfies the stability condition 2g{v) + r{v) > 3, 

3) there is a bisection between marked half-edges and elements in P, 

The codimension of a graph is defined as the number of its edges. 

Given a P-marked stable graph of genus g and codimension d, with set of vertices 
V , one can associate to it a closed stratum of codimension d in Mg.p- For every vertex 
V gV, we let S (v), denote the set of unmarked half-edges with vertex v. 

Let Mr := Yly^v ^g{v),P{v)uS{v) 
The map 

: Mr 'Mg,p 

is called a boundary map, and has the closed stratum Ap = (-A^r) as image. 

The notation Mr will be used also when F is disconnected: if F = Fi U F2, then A^r = 

'Mr I X 'Mr 2 ■ 

Let F be a (5, P)-graph. 



Definition 2 The graph G is a T-graph if it is the disjoint union of a collection of 
{g(v),P{v) U S{v))-graphs. 

Look at a F-graph G. Set G = U^^yGv We can define the map 
as Cg = {S.gJv€V- 



Let vr be the forgetful map: 

TT : Mg^n+l Mg,n 
[C,pi,...,Pn,Pn+l] [C,pi,...,Pn] 

We wiU also refer to the map vr as the universal curve, or the projection map. 

Let o"!, be the n canonical sections of the forgetful map, and let Di be the image of 

fjj. Finally, let be the relative dualizing sheaf of vr. 

We recall the definition of the basic cohomology classes in Mg.p (see | AC2| ]): 

Definition 3 

tpi = a* {ci{lJt,)) ,i = 1, ...,n 
Ha = vr* ( (ci (tJ. 



- (I^^j)))"^') ,a = 0,...3g-3 + n 



The class ipi can be interpreted as the first Chern class of the orbifold bundle whose fiber 
over the point [G,pi, ...,Pn] is the cotangent bundle to the curve C evaluated at the point 
Pi- 

Definition 4 A Mumford class in H* {Mg^p,Q) is a, polynomial in the classes tpi, k^. 
The Mumford ring is 

Q[V'l,...,V'n,Ki,...,K3g_3+„]. 

The Mumford ring on a product or a disjoint union of moduli spaces is the tensor product 
or the direct sum of the Mumford rings. 

It is worth noticing that the following formula (see Formula 1.7 in | AC2f| ) holds: 

«a = 7r.(C+l). 

Definition 5 A Mumford class in H* {A4g^p,Q) is the pull-back under the inclusion 

Mg,p Mg^p 

of a polynomial in the classes ipi, Ha- 



Definition 6 A tautological class is the push-forward of a Mumford class via a bound- 
ary map. The k-th tautological group T^p is the subspace of {■M.g,p,Q) generated 
by these classes. 





H(a,A) G(a,A,b,B) 
Figure 2: Graphs of codimension 2 



In Figures || and |2| we draw all the graphs of codimension 1 and codimension 2 which we 
need in our study oiT^p. In each figure we will also write the name of the corresponding 
graph. Every time half-edges are drawn, one should imagine them labelled with the 
correspondent markings. 

If p is a Mumford class, we use the following notation: 

We will often write Sirr,(,irr instead of (Jr^^^ , ^r^^^ > and 6a,A,Ca,A instead of 5r„,A) Cr,,,^- 
Degree 4 autological classes are: 

1. Pure boundary classes: let F be a graph of codimension 2, then we define: 

er* (1) 



\Autr\ 



2. Mixed boundary classes: if codim F = 1, and p is a Mumford class of degree 2 
in A^r, then 

We will often use the following simplified notation: 

• 1piSa,A = {A ® 1) \Sa,A = AutF^.A ^'^^^*^^'- ^ 

• -fplSa^A = {ips <8) 1) \da,A = AutT A a,A*i'^s ® 1)' 



• Sa,A\lk = (1 O V't) \Sa,A = AutTa,A ^'''^*^^ *^ "^^^ = tk\Sg-a,Ac, 

• K\Sa,A = (ki ® 1) \Sa,A = AutVa A ^"''^*^'^^ ® ^'>' 

• ^a,A|K = (1 (8> Kl) |<5a,A = ® '^l) ^ 

• '^i^irr ~ i^i) \^irr ~ AutVirr ^'''^* ("^^ ) ' 

• V'l'^irr = ("09 + V't-) \5irr = AutTirr ^irT*{i^q + V'r), 

3. Mumford classes : these are simply monomials in Mumford classes (considered as 
push- forward via the map corresponding to the trivial graph) . 

In the mixed boundary classes we intentionally used ambiguous notation. Some of 

the classes {ipiSa^A^'^i^irr, ^i^irr) turn out to be written as a product of a codimension 1 
boundary class with a Mumford class. In the proof of the next Proposition we will show 
that the above notation is unambiguous. 

Proposition 7 The image of the map: 

{a, P) ^ a ■ P 

lies inTg p. 

Proof. Recall that {■Mg,p) = P- Two irreducible codimension 1 boundary 
classes either coincide or intersect transversally. In the latter case, it is trivial to check 
that their intersection is a linear combination of tautological pure boundary classes. The 

product of two Mumford classes is clearly a Mumford class. 

Finally, using the push-pull formula, one is able to express the product of a Mumford 
class and a boundary class, and the square of a boundary class, as linear combination of 
tautological classes: 



A ■ Sa,A = 1pi\Sa,A A ' ^irr = 

■ 5a,A = Kl\Sa,A + (^a.^l^l ■ Sirr = Kl\S., 



trr 
irr 



.2 ,|e A 1/ , / \Autr, A\^G{g-a,l/l,2a~g,P) if^-P 

[ \Autra,Ar G{aA9-2a,P) iJA-V) 

Sirr = - k^irr* {i^q + V'r ) + 2(5ir + 2 5E{a,A) 
-i)\5irr + 25f + 2Y, SE{a,A) 

We compute explicitely one sample case. Since 

iirri^irr) = ^irr + '^a,Au{?} " V'? " V't-, 

then 



Q c2 
^^irr 



Cirr*£.irriSirr) — r\Cirr*^irr*i^) £,irr*^a,AU{q}*i^) Cirr*(V'g + V'r) 



where the symbol ^ is used for boundary maps of A^y-i,pu{(j,r}- fact, from now on, 
when composing two boundary maps, we will append the second one with the twiddle. 



We easily compute: 2^irr*Cirr*{'^) = 2?-F*(l) = and then observe that ^i.rr^a,Au{(?} = 
^E(a,A) and that the corresponding graph has automorphism order 2, unless P = 0, a = 

5/2, when the order is 4. Moreover, ^i^r*la,Au{g}*(l) = ^irr*ig-a,A'^u{g}*(.^) = \AutTE(a,A)\^E{a,A)- 
Whenever lAntr^;^^^^) | = 4, then by symmetry only one of the summands above does ap- 
pear, hence we can write 

^irr = -Kirr*(V'g + V'r) + 25f + 6E{a,A) 
-ll)\5irr + 25f + 2^5E(a,A)- 

□ 



3 Essential tautological classes 

It is well known that, for genus up to 2, there are some relations between degree 2 tauto- 
logical classes; thus, certain tautological classes could be expressed as linear combination 
of other ones; they are: ki and ^j, i ^ P for genera g = 0,1, ki for genus g = 2. 
Moreover, there are Keel's relations among boundary classes in genus 0. 

All these relations reproduce themselves in every genus. The reason is quite clear: 
every time there is a relation among tautological classes in the second cohomology group 
of a codimension 1 boundary component, we can push it forward to {Mg^p). 

In this section we will choose a set of degree 4 tautological classes which generate p, 
by eliminating the above relations. We will call these classes the essential tautological 
classes. The set of essential tautological classes will be denoted by p and it is obtained 
from the set of all tautological classes by removing the unessential classes which we are 
presently going to list. 
The unessential tautological classes are: 

ipiSoA = Co,A*i'4'i 1) i^\^o,A = ^o,a*(ki 1) for any g, 

for any g, 

for g = l,2 
fovg = l,2, 
for g = 1,2,3, 

Kf,Kiipi for g = 0,1, 

Kl,Ki^i for 5 = 2. 

Moreover, some classes 6g{o,a,o,b) are unessential (see below); in fact, in genus there are 
Keel's relations (p<!g|]) among boundary classes: we can push them forward by means of 
the maps 

H' {Mo,Au{s}) {Mg,p) 



ll^\6o,A = 


Co,a*(.'^s ® 1) 


tp\Si,A = 


-<:,,( V's'Xil 
■ ?i,A*l|A«tri.A 


k\62,A = 


t / Ki®r 


1p\6irr = 


'iirr*\ 2 ) 


ipiSifp — 






s«r'r*V 2 / 







to obtain the following relations 



^G(0,B,0,C) + '^G(0,C,0,B) — X/ '^G(0,B,0,C) + '^G(0,C,0,S) > 



x,y(^B, x,z(^B, 
z,w&C, y,w£C, 
BuC=A BuC=A 



X] ^G{0,B,0,C) - X] ^GiO,B,0,C)- 
z&C, y&C, 

buc=a buc=a 



We now describe a subset of essential classes of this type; if we fix an ordering in P, 
this induces an ordering of every subset A; a basis for (-^o.Auls}) consists of classes 
^o,{s}uc, with B = A\C, \B\ > 3, or \B\ = 2 and 5 < c V6 g's,Vc G C. This implies 
that we are going to consider only classes 6g{o,b,o,C)j with \B\ > 3, or \B\ = 2 and b < c 

yb£ B,yc£C . 



4 Pull-back formulas 

In this section we show how to pull back tautological classes to the codimension 1 boundary 
components and to the universal curve. Let j4 be a stable {g, P)-graph of codimension 1, 
as defined in the introduction, and let F be a stable connected {g, P)-graph of codimension 
< 2. 

We fix our attention on a class of the form p\6r = |AMtr| '^r*(p)- We want to describe the 
boundary components of Ma on which the pull-back C^iPl^^) supported. 

Given any stable A-graph G, let js,t (G) be the graph obtained by gluing the half 
edges s and t, and let fs,t (G) be the graph obtained from js^t (G) by collapsing the new 
edge. Via the operation jg^t we are either creating a node on an irreducible component, 
or joining two irreducible components at a point. In either case we are creating a node. 
Via the operation fg^t we are smoothing the new node. 

We claim that the boundary components we are looking for correspond to A-graphs G 
such that js,t (G) = F or fg^t (G) = F. It is very simple to produce graphs G of this sort. 

Either Ap C A a, or Ar and A a intersect transversally. If Ar and A^ intersect 
transversally there must be at least a vertex f of F and a simple Feynman move based at 
V making F a degeneration of A. Cutting into a half the edge produced by the Feynman 
move, and calling the two new half edges s and t, creates a stable ^-graph G having the 
property that fg^t (G) = F. 

Suppose, on the other hand, that Ap is contained in A^. This simply means that 
there is at least one edge of F cutting which produces two half edges s and t and a stable 
^-graph G with the property that jg^t (G) = F. 

Furthermore we can say that Ar C Aa if and only if there exist a graph G such that 

jsAG) = r. 

In conclusion, whatever the position of Ar is with respect to Aa, we can build a 
diagram: 



Mg ^Ma 

Mr '^9,P 

for any graph G such that jg^t (G) = F or fg^t (G) = F. The maps S,a and .^r are 
boundary maps, the map Cg has been defined in section |2|, and the map rjc consists in 
joining the two half-edges s and t of the graph G. 

Observe that some of these maps could be the identity: e.g if T = A = Tirr, then the 
trivial A - graph G satisfies js,t(G) = F, and the map is the identity. 



Proposition 8 Let T he any stable graph, of codimension < 2. Let A be any graph of 
codimension 1 . Then the following formula holds: 



Autr ^ AutG ^ ^ AutG '^i^''^^^' 

/s.t(G)=r js,t{G)=v 

where we denote by N^^^ the normal bundle to the map ^a- 
As usual, we will adopt the simplified notation: 

CA{p\Sr)= E iVG{pWG+ E mPWG-ci{N^J. 

/s,t(G)=r js,t(G)=r 

Proof. As wc already explained, the two cycles Ar and do not intersect transver- 
sally in Mg,p if and only if there exist a graph G such that jg^t (G) = T. In this case, we 
consider a tubular neighborhood T of the divisor with normal crossing A^ C M.g,p- 

Consider the diagram: 

Ma ^ MA/AutA 




and the normal bundle Nf^ to the map /a- Also observe that gA^fA ~ ^^a- 

Introduce a metric in Nf^, construct a tubular neighborhood T of its zero section, and 

extend in the obvious way to a C°° map 

fA-.f^T. 

Take then a sufficiently generic C°° section s of Nf^^ lying in T. The composition fA°sogA 
yields a C°° map 

SA ■■ Ma — > Mg,p 

homotopic to £,a- 

As Poincare duality holds for smooth compact orbifolds, we may pull back cycles from 
Mg^p to Ma- If A is any irreducible boundary component, then because of our generic 
choice of the sections, we have, by transverse intersection, 



«a([A]) = E[A,] (1) 

i 

where the sum ranges over the irreducible components Aj of the prcimagc of A in Ma- 

The first step is to describe the irreducible components Aj. We claim that they are of 
two types, which can combinatorially described as follows. The first one is simply a cycle 
Aq C Ma for each graph G such that fs,t {G) = F. If A^ and Ap intersect transversally, 
these are the only components Aj appearing in the above expression. If not, the remaining 
Aj's are all of the form 

AutG 

where G is a graph such that jg^t (G) = T. 

Once this is established, we get the Proposition for the case p = 1, that is: 




b g-b 



Figure 3: The graph A = T = Tb^B 




b g-b 



Figure 4: The graph G 




Figure 5: The graphs Gi and G2 



fs,t{G)=r i.,t(G)=r 

Instead of proving our assertion about the Aj's in general, we shah restrict ourselves to 
some typical examples. The first example is F = ^ = r^^s, with S 7^ 0, B'^ ^ 0. There 
is only one Aj, which is the zero locus of a section of the normal bundle to the map 
One may notice that Aj corresponds to the trivial yl-graph G, drawn on the right, and 
that one has that 

This is the standard situation of excess intersection, and there is no surprise in finding 
this term in the general formula of Proposition |^ we are discussing. 
The opposite situation occurs for example in the formula for 

where we further assume that b > l,g — b > 1. There are two components Aj, corre- 
sponding to the A-graphs Gi and G2 having the property that fs^t (Gi) = T^^b- In this 
case 

(,irri^b,B) = ^Gi + ^€2- 

This is the standard situation of transverse intersection. 

What is somewhat unexpected in the formula we are discussing, is the mixture be- 
tween terms related to excess intersection and terms related to transverse intersection. To 
illustrate this phenomenon, let us consider the case 

The formula in the statement tells us that 



Cirr (^f) — -ii'g+ tpr) ^irr + "^F + E ^E{a,AO{q]) + E H{a,A\j{q}) + '^/f(a,AU{r})) ) 



Figure 6: A neighborhood of the three- nodes locus 




Figure 7: A modified neighborhood of the three-nodes locus 



where the two sums range over all the possible graphs of the corresponding type. 

The first term is clear: it comes from excess intersection, and corresponds to the only 
graph G such that js,t{G) = F, i.e. the graph with one vertex of genus g — 2, one loop, 
and half-edges with labels in PU {s,t}. 

As a sample case, let us explain the presence of the term 6f. The presence of the other 
terms can be justified by similar arguments. Draw a picture of Airr in a neighborhood 
of a generic point of the cycle A' corresponding to the locus of irreducible curves with 
at least three nodes (Figure P). We cut it with a codimension three generic subspace, in 
order to draw the picture. The cycle A' is drawn as a triple point of Aj^n which is locally 
the union of three planes, intersecting each other in the three lines belonging to A^t^. 

Now we "move " a little bit Ai^r (Figure we call it Ajj.^, and draw it with a 
dotted line. There are three points of transverse intersection between Ai^r and Ap. This 
shows that s'^{5f) contains, with multiplicity 1, the codimension 2 cocycle in J^g-i^p{j{s,t} 
corresponding to the locus of irreducible two-noded curves, which by abuse of notation is 
again denoted by A^r. 

The formula in the statement, in the case p = 1, 

a('5r)= E '^^+ E ^G-ci(AgJ 
fsAG)=r js,t{G)=r 

is now completely justified. 

To prove the general formula we make the following preliminary remark; we seek a 
formula for the pull-back under a map of one of the following classes: 

• pure boundary classes, hence orbifold Poincare duals of cycles; 



• ip-mixed classes, hence orbifold Chern classes of bundles supported on cycles; 

• K-mixed classes. These are linear combinations of the above two types. In fact, we 
recall Mumford theorem 

where the second sum ranges over the set of stable graphs of codimension 1 , and 
Ai is the first Chern class of the Hodge bundle; this implies that ki is a linear 
combination of Poincare duals of cycles and of Chern classes of bundles; 

• pure Mumford classes, hence polynomials in classes of the above types. 

In order to pull-back a tautological class, we first decompose it into a linear combination 
of Mumford classes supported on cycles, and then pull back each summand separately. 
We therefore seek a formula for 

,., er.(ci(F)) ^ 
AutT > 

where F is a line bundle on Air. 

Suppose first that Ap and A^i intersect transversally. Take a sufficiently generic C°° 
section ap of the line bundle F. For every graph G such that fs,t{G) = T, we denote by 
Fg the bundle r]Q{F), and by its section rfQ^ap)- 

By Poincare duality, we can pull back cycles. We claim that 

gr.([W = 0}]) , V- CG(\{<yFa=m 
AutT ' AutG 

Let A be a cycle in in Mg^p such that 

^ ^ AutT 

we can pick 

A = {xG Mg^p I X = Cr{y), (Jpiy) = 0} 

with orbifold multiplicity 1. Because of transverse intersection of Ar and A a, Formula |l| 
applies in this case too. A is a cycle contained in Ap. We therefore seek the irreducible 
components Aj inside the irreducible components of the preimage of Ar in A4a_, that is, 
inside the Ac's, where fafi{G) = T. One can easily check that 

^G^^A^i^) = {2 G ATa n Ac I ^aC-z) = ?r(y) for some y such that o-F(y) = 0} 

= G M.A I z = C,g{w) for some ^yi(-z) = Cr(y) for some y such that (Tpiy) = 0} 
= {z & M.A I z = C,g{w) for some w such that (TFi^{w) = 0}, 

again with orbifold multiplicity 1. 

Suppose, on the other hand, that Ap ^ A^- We need formulas for degree 4 classes, 
hence the only new and significant situation occurs when Ar = A^, and F = A is a graph 
of codimension 2. 

From the construction of the map sa-, we see that the diagram 

JAg-^^J^a 



VG 



Mr^^Mg^P 



commutes only up to homotopy. To explain the presence of the transverse intersection 
terms in the pull-back formula, 



CG*(??a(ci(^))) 



^ AutG 
fs,t(G)=r 

we observe that the induced diagram in cohomology commutes, hence, if one chooses suit- 
able sections (Ting's of the bundles rjQ^F), one can proceed as in the transverse intersection 
case. We now pass to justify the self-intersection term. In our specific situation this term 
is 

vUci{F))oc,{N^J, 

in fact, since T = A, the only A-graph G such that js^t(G) = F is the trivial A-graph and 
the map Cg is the identity. The corresponding component in the preimage of Ar under 
the map sa is the Poincare dual to ci{N^^). Take a section of such bundle, call it r. The 
component we are looking for is the Poincare dual of 

{x G Ma I CTFci^) = 0,r(2;) = 0}, 
that is, the first Chern class of the bundle 

as we claimed. 

□ 



4.1 Formulas for tt* 



Let 



TTA : Mg^puA Mg^p 



be the map forgetting the A markings. We first recall pull-back formulas for degree 2 
classes (see lACll] and 1AC2| ). 



TT 



.C) 



E 



BCA %,BU{i} 



E BcA ^c,CUB TT^ (tpi) = A 

'A i^irr) = Sirr TT^ (^l) = Kl - EiGTl V'i + ^BcA^O,B 

The pull-back formulas for Mumford classes are recursively deduced from Formula (1-10) 
in AC2 | and Lemma (1.2) in | AC1 ]; if vr : A^o,n — ^ .A^o,n-i is the forgetful map, then 



ipi = vr* {ipi) +5o,{j,n}' 



(2) 



and 



Ki = TT* (Ki) + (3) 



Let us now come to degree 4 classes. 
Mumford classes are pulled back via formulas ^ and ^ 



{i^i) = '^i '^o,Bu{i}lV' + type G classes, 

BcA 



(V'iV'i) = i^iipj - i'j ^ ^Q.Bvjii} - V'i X] ^o,Bu{i} + type G classes, 

BcA BcA 



+type G classes, 



ieA jgA i,j£A,i^j 

+2 X '^o.bI'^ - 2 X V'j'^o.B - X '^o-sl^ + *yP*^ ^ classes, 

BcA BcA,ieA\_B BcA 

^A ('^2) = '^2 - X X '^o.bIV' + type G classes; 

icA BcA 

this last formula is computed by induction on \A\. 

With arguments similar to the ones used in Proposition ^, one can easily prove the 
following: 

Proposition 9 The following formulas hold: 

T^*A {v\6iTr) = {t^*a {P)) l^irr, T^*A {^E{c,C)) = T.BcA^E{c,CUB), 

T^*A iP\Sc,c) = EbcA (^B (p)) \^c,CUB TTa i^HicC)) = EbcA ^HicCUB) 

T^A i^P) = Sf T^a {Sg{c,CAD)) = J2{BUB')CA (<^G(c,CUB,d,DUB')) 

where 

TTA ■ -^g-l,PuAU{g,r} ^ ■Mg-l,PU{q,r} 

TTB : Mc,CUBU{s} X Mg-c,{P\C)U{A\B)U{t} ^ Mc,CU{s} X Mg-c,{P\C)U{t} ■ 

□ 



5 Relations in degree 4 

New relations arising in degree 4 appear in Mg^n ^or g < 5 and for suitable n, and can be 



pulled back with formulas in 4.1. They have been computed with different techniques by 
E. Getzler, R. Pandharipande, P. Belorousski, and C. Faber. Most of them can be found 
in the literature, and we will give below the precise reference. The existence of some 
of them follows from jFa5| ] , as a consequence of the existence of tautological relations on 
M.g^n, while their explicit expression on Aig^n has been recently computed by C. Faber and 
privately communicated to the author ( | Pa4| ) . The only exception is the new relation in 
whose coefficients will be determined in section ^ by the "pull-back to the boundary" 
techniques. 



5.1 Genus 

The only new result is that 

= in {Mo^4) 

for dimension reasons. 



5.2 Genus 1 

As above, 



K2 = in H"^ {Ml, 



Moreover, as observed by Faber in [ Fa3 |, 



€r = 0. 

There are other relations: the first one originates in {Mi,2) '■ 

as the push-forward of Keel relation with the map : -A^o,4 ~^ Mi,2- The second one 
originates in H'^ (A1i,4): 



12 ^ <^G(o,{i,j},i,0) - 12 ^ SG(i,{i},o,{*}) - 2 ^ (5, 



G(l,0,O,{ij}) 



+6 ^ '^G(l,0,O,{i}) ~ 2 X] + X] ^H{{i}) + 5//(0) • 



This was discovered by Getzler ([pi|]), while Pandharipande ( ||Pa| ) then proved it is alge- 
braic. 

5.3 Genus 2 

Following Mumford ([Mu|), 



60k2 = 5f + 65^/(0,0) 
in (A^2,o)- Faber proves that in (A^2,i) 

1.1. 13 . 1 „ 7 



Getzler proves in ([^) that, in H'^ {M2,2), 



17 1 

iJilpj = 3V'|(J2,0 + -^^F + Y^'5i?(l,0) + ("^ECl,*) + 

23 1 11 

13^ 4, N 4 

+ -r(>Gil,0,O,ij) + 7 l'^G(l,i,Oj) + ^Gil,j,0,i)) - TOG{O,ij,l,0)- 



A new algebraic relation was discovered by Belorousski and Pandharipande ([ P3P| ) in 

3 3 g g 3 2 ^ 

i=l i=l i=l i=l 

1 3 , ^ 3 v—^ 13 1 v—^ 

i=l i=l i=l 

12 12 24 

-125(5(2,0,0,*) + y5G(l,0,O,123) ~ ^G{l,i,0,jk) + X] '^G(l,0,O,j) 

i=l i=l 

36 A ^ 36 A ^ 18 12 

~y 2^ '^G(i,*,o,i) - y 2^ '^0(1,0,1,0) + y 2^ '^G(i,i,i,0) - y 2^ '^G(i,0,i,i)- 

i=l 1=1 i=l 1=1 

Here, and from now on, every time we write the symbol * instead of a marking's name, 
we mean that any marking which does not appear elsewhere in the notation could replace 
the *. 



5.4 Genus 3 

In (A73,o)(H and Q): 
2 5,,^ 89,,^ 2^ 94^ 103^ 2^ 22^ 

'^1 - -jV\Oirr - yV'I'J2,0 " " -^^E(l,9)) + -^0^(0,$) - ^'^j^(l,0) " ■^'>G(1,0,1,0) ) 

5 ,,r 41 ,^ 1 11 41 2 ^ 8 ^ 

whereas in H'^ {-Ms^i) a new relation involving Kit/^i appears, and the three of them could 
be written as follows ( P^a4f| ) : 

13^ 9 ^ 61 2 ^ 4 ^ 4 ^ 

+^OE{o,i) - ^^E{l,^) + ^'^^(0.^) ~ 105 + 105^^^'®^ ^ ^"^^^(0,0) 

16^ 61 8^ 

+ -^OG(i,i,ifi) + — c>G(l,0,O,j) - -^00(1,0,1,1)' 

2 n ,2 2 , ^ 16 10 , ^ 299 347 ,^ 19 ^ 

7 21 7 21 21 315 

83 ^ 16 ^ 431 ^ 34 22 341 

+ Y'^E{0,i) - y^i?(l,i) + ^OH{0,i) - Y^^H(l,i) - Y^^Hilfi) + -^OHiOfi) 

2 389 ^ 38 ^ 

+ j(>G{l,i,l,d) + ^'^G'(l,0,O,j) - -^00(1,0,1,1)' 

,2 5 41 347 1 , 

H2 = -Ipi - -^IPldirr - ^^l'^2,i " ^^"^2,0 + —Op 

5 e 11 . 41 2 ^ 2 ^ 41 

+^'^i^(o,^) - ^5e(i,.) + ^<^H(o,^) + j^^mi,) + Y^^Him + ^^nm 

8 r 41 8 ^ 

+ ^OG(i,i,i,0) + ^OG(i,0,o,i) + ^OG(l,0,l,i)- 



Finally, in (-^43,2) , we have: 



6 16 12 1 

7 ' 21 35 42 

~^35 ~^ V'fe'^irr) - ^^"^^ + ^<^£;(2,0) " {^E(2,a) + ^E{2fi)) 

9 34 1 2 4 

"^105 ^^"^^^"^ '^^^(l-fe)) + ^"^^^(0,0) + -^^H(Q,ab) - ^ ('^H{0,a) + ^H(Q,b)) 

40^ ^ 16^ 8^ 

+ ^<^G(2,0,O,a6) - (^0(2,0,1,0) + ^OG(l,a6,l,0) ~ ^OG(l,0,l,afe) 
('5G(2,6,0,a) +^G(2,afi,b)) " ^ (<^G(2,0,O,a) +1^0(2,0,0,6)) • 

5.5 Genus 4 

In (1M4,0)(|^] and [^): 



45 35 315 45 

= —k\ - 240^2 - TKiSirr + —i'\5irr " 39k|(53^0 + — V'l^a,© + Y?/'|(^2,0 

105 

+Jf + 135£;(2,0) ^(5/^(0,0) + 25^(1,0) + 5(5//(2,0) + 24(5^(1,0,1,0) + 215^(1,0,2,0) > 

and since another relation appears in H'^ (A^4,i) ( |Fa4| ] ) , we get there the following two 
relations: 

= bK\ - 30^2 - 40^1-02 + 245'?/',^ - KiSirr + 7'lpi6irr - 2K|(53,j + 44V'i(53,i 

-35V'|<53,i - 32k|53,0 + 175V'|<53,0 - 30Vi<52,i + 950^152,^ - 85V'|J2,0 

35 

-366E(o,i) + 2A5E(i,i) - l26E(2,i) + -^^^{ofi) + ^h{i,9) + 55^(2,0) 
175 

Y^^H(0,i) + ^H{l,i) - ^H{2,i) - '^8^G(l,i,l,d) + 285^(1,4,2,0) 

+ 12(5G(2,j,l,0) - 175(5^(3,0,0,4) - 10(5(3(2,0,0,4) + 12(5G(i,0,i,j) - 4(5^(1,0,2,4) 

25 455 35 

= - 180^2 + 35kiV'4 —Ipi - 5Ki6irr + Y'^\^irr - ^^l^Arr 

455 385 335 385 
-35k|(53,4 - 49V'4(53,4 + — V'l^s,^ + 25k|(53,0 ^V'l'^3,0 + 60V'4(52,4 ^V'|52,j + — '0|'52,( 

+(5ir + 37(5£;(o,4) - 35(5£;(i,4) + 37(5£;(2,4) - -^(5^(0,0) - 5(5^(2,0) + -^5^(0,1) + 7(5/^(2,4) 

385 

+60(5(3(1,4,1,0) - 355^(1,4,2,0) + — 5G(3,0,O,j) - 25(5^(2,0,0,0 + ^9'^G'(l,0,2,j)- 

5.6 Genus 5 

Finally, in (A^5,o)(^ 



25 35 455 

= —K^ - 180^2 - 5Ki5irr + —V'l'Jjrr - 35k|54,0 + + 25Kj(53,0 

385 . 385 . 455 

-55//(2,0) + 75/f(3,0) - 35(513(1,0,2,0) + 49(5(3(1,0,3,0) + 25(5^(2,0,1,0). 

6 Degree 4 relations in the tautological group 

Theorem 10 For g > 6, Bg p is a basis for T^p. For 2 < g < 5, the relations among 
elements of Bg p are the ones listed in section 

We will prove this Theorem by induction on g. We start with a sketchy exposition 
of an argument which covers the cases g > 6, once the previous ones are established. 
Unfortunately, this argument fails to extend to the low genus cases. We will therefore 
give a second, less direct argument. The initial cases require more involved computations, 
because of the presence of many relations among tautological classes. We will work out 
two sample cases in Lemmas ^ and 16, and recover the coefficients of the new relation 



in Ala, 2 in Proposition 15 



Proposition 11 Suppose that Theorem IC holds for g = 5. Then it holds for every genus 
Proof. For the first proof we make an induction on g. Consider the boundary maps: 

ia,A ■ Ma,AU{s} X ■A^g-a,ACu{t} ^ '^g,P^ 

on varying (a, A) in such a way that a > 3, g — a > 3. Consider the composition of the 
induced pull-back map with the projection on ^ H^: 

ga,A ■■ {Mg,p) ^ (Ma,Avj{s}) ® (Mg_a,A^'u{t}] 

We need a few remarks: 

• Under the above hypotheses on genera, there are no relation among tautological 

classes in H'^ {Ma,Au{s}) <^ H"^ {Mg_a,ACu{t} 



Every class of the standard basis in {•^a,Au{s}) ® y^g-a,A'^\j{t}j (by the 
standard basis we mean the one described in lAClfl ), appears, with the suitable sign, 
as a summand in the pull-back of at most one tautological class of (-^g.p) > with 
the exception of —tps'^tpt, which is a summand both of ^* ^ (V'l'^a,^) and ^* ^ ((5a,A|V')- 
This is a combinatorial remark which follows from the description of pull-backs of 
section ^ In particular, one should look at the description of the operations on 
graphs denoted by fs,t and js,t- 

Almost every essential tautological class a in Bg p satisfies ga,A («) / for at least 
one (a. A) satisfying the hypotheses. This is also a combinatorial remark, and it is 
based on the relative position of boundary cycles in Mg^p. The exceptions are: 



K2,'4'x for every x G P,SE(b,B), 
^G(c,c,d,D), iic + d<2. 



Suppose there is a relation among essential tautological classes in H'^ [Mg^p) . Applying 
all the maps ga,A, one obtains that many coefficients have to vanish. The relation should 
then be: 

CK2 + ^ Cx^l^l + XI '^b,BSE{b,B) + XI ^c,C,d,D^G{c,C,d,D) = 
xeP c+d<2 

We pull it back with the map 
and get 

CK2 + XI Ca;V'x + XI ^^'^ {^E{h,B) + 5E{b-l,Bl}{q,r}) + ■•■) 

xeP 

+ X^ Cc,C,d,D {^G{c-l,CU{q,r},d,D) + ^G(c,C,d-l,DU{q,r-}) + ^G{c,C,d,D)) = 

c+d<2 

By induction hypothesis, the coefficients c,Cx,cii B all have to vanish. Every type G class 
appears at most once as a summand in the image of at type G class. If we call "critical" 
the classes corresponding to graphs G{0,A,0,B), i.e. the possibly unessential ones, we 
observe that every non-critical class has at least one non-critical summand in its pull-back. 
On the other hand, if wc extend the ordering of P to an ordering for P U {q, r} imposing 
{q,r} to be the last two elements, then a basis of critical classes maps to a set of linearly 
independent critical classes. Thus, the coefficients Cc,c,d,D vanish. 

□ 

The main tool used in the second proof is the map: 

r : {Mg,p) - {Mg-i,Pu{q,r}) • 

The combinatorics of tautological classes and pull-back formulas becomes rather intricate, 
but nevertheless it suggests a partition of Bg p, corresponding to any given partition of 
P, which, inductively, turns out to give a direct sum decomposition of the tautological 
group. 

Definition 12 1. Pure boundary classes of type E and F 

are essential pure boundary classes corresponding to graphs F and E{a,A). 
They generate the subspace Wef ofT^p. 

2. Pure boundary classes of type H and G 

are essential pure boundary classes corresponding to graphs H (a. A) and G (a, A, 6, B) . 
They generate the subspace gh ofT^p. 

3. mixed classes 

are essential mixed boundary classes ip\5irr and V'|^a,A; generating W$. 

4. ^'/-mixed classes 

are essential mixed boundary classes ipiSirr and ipida,A, with i E I H A, generating 
Wm- 

5. K- mixed classes 

are essential mixed boundary classes KiSirr and K\6a,A, generating Wk- 



6. Mumford K classes 

{'«?,K2, for g>6 
i^i! for 5 = 5 and g = A, P = f/} , and generate K. 
0, forg = A,P^ 0, and 5 < 3 

7. Mumford '^i classes 

Kii/ji,tljf,tlJitljj, for g>A 
are essential classes < ipf,ipiipj, for g = 3 , with i,j £ I, and generate '^j. 

0, forg<2 

8. Mumford ^f/j classes 

are essential classes < \ ■^l ~r. , with i £ I, j £ J, and generate ^tj. 

{ V>, for g < 2 ' ' ■' ' ^ 



Proposition 13 Suppose that Theorem IC holds for g = 6. Then it holds for every genus 
9>Q. 

Proof. Let O = {q, r}, so that P U {q, r} = PU O. Following formulas of section 
we describe how the above subspaces of T^p behave with respect to the map 

r : {Mg,p) - {Mg.i,puu,r}) • 

We write down the behavior for genus g > 4. When no confusion will arise, we will denote 
by the same letter the subspaces of the same type in H'^ {Mg^p) and H'^ {-^g-i,Pu{g,r}) ■ 



K K,ior g>7 

^P ^p, for g > 5 

Wk WK + Wii, + Wq,p + Wef + Wgh + VFvto + 
W<i, + Wgh + ^0 

W<i,p Wifip + Wgh + ^op 

Wef Wef + Wgh + Wq,o 

Wgh Wgh + W<i,o. 

We prove the Proposition by induction on g. Suppose that 

'^g-l,PU{q,r} = ^EF ® WgH ® VFvJ, ® W^p W^iQ ^Wr^'^P^^O® "^OP 

and that every summand is freely generated by essential tautological classes. We write 
down in block form the matrix of the map 





K 


^P 


Wk 


w^ 


W^^p 


Wef 


Wgh 


W^^O 




^OP 


K 


A 





























^P 





B 


























Wk 








C 


















W^ 











D 


















Wii,p 














E 















Wef 

















F 












Wgh 




















G 











We claim that the elements of 13 ^ p form a basis for T^p. Because of the form of the 
above matrix, it is sufficient to check that every subset generating each subspace consists 
of independent classes. For this, we look at blocks A, G, and check that each of them 
has maximal rank, equal to the number of rows. It is easy to see that A and B are both 
the identity matrix, whereas from 



KlSirr + iig > 5 

i<'\Sa,A + K\Sa-i,Au{q,r}, ifg-a>l, a>4 

K\6a-l,AU{q,r}, if 5 = ^ > 4 

K\6a,A, ifg-a>l,a<3 
0, if (7 = a < 3 



we observe that C has maximal rank for g > 5. 

Similarly, D and E have maximal rank for g > 3, wheres F has maximal rank for g > 2. 
As for the block G, from 



JH{a,A) 



^H{a,A) + ^H{a-l,AU{q,r}) 

^ e 

^H{a-l,AU{q,r}) + 



^H{a,A) + ^^H{a-l,AU{q,r}) + 



^^H(a-l,AU{q,r}) + •••) H g — a + I 

^H{a,A) + if5'-l-a>l, a = 



0, if 5 



,ifg — 1 — a>l,a>2 
., if (7 — 1 — a > 1, a = 1 
ifc/ = a + l>3 
2 

-l-a>l, a = 
a + 1 = 1 



JG{a,Afi,B) 



G{a,A,b,B) + ^G{a~l,AU{q,r},b,B) "I" OG(a,A,fe-l,BU{q,r}); 



we observe that type H classes are independent, and independent from type G ones. For 



the type G class, the argument used in the proof of Proposition 11 works in this case as 
well. One can write the block G in a triangular form, and see that it has maximal rank 
for g > 3. 



□ 



Lemma 14 Suppose that Theorem IC holds for g = 5. Then it holds for genus g = 6- 

Proof. The same proof of Proposition |l^ can be repeated to prove that BIp\{k2} 
is a set of linearly independent classes. Thus, if a relation does exist, it should be of the 
form 

K2 + ••• = 0; 

since ^* (k2 + ■■■) = K2 + ■■■ = 0, then the relation should be a pull-back of the relation in 
(A^5,o) (see section ^): 

1 37 

Ko dp H Spj^) + ■■■ = 0, 

180 180 ^ ' 

and hence it should be of the form 

1 37 

~ 180'^'^ ^ 180 ^^^^^^1^ + "^^(1'^)) + - " °' 

but one can easily observe that classes 6p and Spf^i g-^ +^E{i,r) do only appear in the pull- 
back ^* {6p) = 6f + {^E{i,q) + ^E{i,r)) + •••i hencc cannot have different coefficients. This 
leads to a contradiction. 



□ 



Proposition 15 There is a unique new relation in A^3,2; o-nd it is the one described in 
section 

Proof. 

We know from [Fal] and |Fa4] the relations arising in H"^ (A^3,o) and H'^ (A^3,i), and 



further we know that a new relation does exist in H'^ (^^3,2); involving pure Mumford 
classes ipa, tpb, tpatpb- We need to prove that the relation has exactly the form described 
in section |5[ and that no other relation appears. We also recall that the group H'^ (^^2,2) 
has been computed in |G2| ]. 

The relations in (Msfi) and i/^ {^.3^1) can be all used to write classes nf, K2, 
Kiipi in terms of other boundary classes, when |P| > 2. 

Therefore, a possible new relation in H'^ (-^43,2) , can be written as follows: 

^ CrSr + ^ Cp(^i„.)p\5irr + ^ Cp(„^^)p|5a,A + ^ Cill^f + Cahlpai^b = 0. (4) 
r p P,(a,A) 

The first constraints on coefficients in are derived by writing down explicitly the 
non-vanishing pull-backs of tautological classes under the map 

which glues a fixed rational tail marked by P U f by identifying t and s, and observing 
that the pull-back in H'^ (A^3,s) of (^) must be a multiple of Faber's relation involving 
Klips (see section HI). They are: 

'^^ = ~650^ C//(2,0) = 7^ CG(1,P,1,0) = C^(irr) = 

ce{i,p) = ~35^ c/^(i,0) = 105^ cg(i^0 i^p) = -35A; c^(3,0) = 5A; 

Ce{0,P) = C^(1,P) = -155^ CGr(i 2,0) = C^(2,0) = -|t^ 

c//(o,0) = 4^ cg(2,0,o,p) = c^(2,p) = -^k 

ch{o,p) = cg(2,0,i,0) = -k c«;(3,0) = -k. 

To determine the coefficient of some classes of type H and G we also need to use the 
map 

{M3,p) ^ (M2,s) ® {Mi,Put) . 

We then know by ||Fa4|| and [|Fa5| that a new relation does actually exist, and therefore 
we fix the value of the constant A; to be 1. 
We consider the following maps: 

H^M3,ab) ^ H^M2,s) H^Mi,abt) 
H^{M3,ab) ^ H^{M2,as); 

the constraints on the coefficient derived by pulling back (^) force all of them to be the 
ones indicated in section |5|. 

□ 



Lemma 16 Theorem holds for genus g = 2. 



Proof. The cases n = 0, 1 are well known (see [Mu|); the cases n = 2,3 are entirely 
described in |G2|] and |BP]. Recall that a new relation appears in H'^ {M2 3) (see section 

I). _ 

For every set {i,j,k} C P, only the relation pulled back from Al2,{jj',A;} contains the 
summand: 

V'j'^2,P\{i,fc} + '4'j^2,P\{i,k} + tpkS2,P\{i,j}] 

we fix an ordering on P, and use the relation in if^ (■^2,{j,j,fc}) to express ■0i52,p\{j,A;}i ^or 
i < j,i < k, as linear combination of other classes. 

Let C|p be the set obtained from the set of essential classes i3|p after having elim- 
inated the relations arising in degree 4, that is, after having removed all pure Mumford 
classes, and the classes ^j(^2,p\{j,fc}) ^or i < j,i < k. Observe that the definition of C|p 
depends on the choice of an ordering on P. 

If n = 4, there is no new relation among essential tautological classes; we postpone 
the proof of this fact. If n > 5, let F|p be the free vector space generated by classes in 
C|p. One can define every pull-back map on F2P, following formulas in section ^. Our 
claim is that the map 

f ^ {fij} • ^^,P ^ ®{i,j}CP^2,P\{i,j}U{s} 

is injective for |P| > 5. This implies, by induction, that no new relation among tautological 
classes can appear for n > 5: any new one should map to zero with /. 

We use a decomposition of ^2 p similar to the one described at the beginning of this 
section. 

Wp is generated hy 6f, 
We is generated by classes Se(i^a)i 
Wh(o) is generated by classes (5/f(o,A)) 
Wh(^i^ is generated by classes (^/^(i^a)) 
Wg(2,o) is generated by classes 5g(2,a,o,b)> 
Wg{o,2) is generated by classes 5g(o,a,2,b), 

is generated by classes 
Wg{i,o) is generated by classes 5g(i,a,o,b)7 

is generated by classes ip\d2,A, 
W^j is generated by classes V'i'52,A; with i G /. 

In the space ffi{j,j}cP-^2 p\{i j}u{s}' denote by Wx = (Bij Wl^ the direct sum of 
subspaces Wl^ C ^2 P\{i j}u{s}' '^'^^ matrix of the map / can be written in triangular 
block form (we omit all zeroes): 





Wf 


We 


Wh{o) 


WG(lfi) 


Wg(q,2) e w^s 


Wg{2,Q) 


Wh{i) 


Wg{i,i) 


w^ 




Wf 


A 




















We 




B 


















Wh(o) 






C 
























D 














Wg(0,2) 










E 
























F 
























G 








Wg{i,i) 
















H 
























I 
























L 



We just need to check that the blocks on the diagonal have maximal rank. This is 
completely trivial for the blocks A, B, C, D, E. We check block G, and observe that blocks 
H and / present a very similar combinatorics. G is of the form 



( ... G'^ ... ) , 

where G^^ is a block of the matrix of the map /* . We can write G^^ as 







^H{l,B) 




Id 










Id 









WA),IO,i}n^| = 1 









We consider the matrix G' obtained removing the second column of blocks from each G'^^ , 
except for the columns corresponding to (^^^(1,0), <5if(i,i;)- Finally, we can extract such a 
triangular matrix 





^Hil,B), \B\ < 1 


Sh(i,buU}) 


5h{i,a)M\ < 1 


Id 









Id 



Observe that we just need the weaker assumption \P\ > 4. 

As for the block L, observe that any essential class maps to essential classes, except 

for 

AS2,P\{j,k} -Alps = - '^ihc - XI '^ihP\{x,s} + X] V'x<^2,P\{i,s}; 

|C<^|>3 x<i x>i 

but this doesn't prevent us from extracting a non-degenerate matrix 





'lpi52,B, \B\ < 1 


tpiS2,BU\s} 


'4'iS2,A, \A\ < 1 


Id 





AS2,A, \A\ > 2 




Id 



With the same argument, one can write a sub-block of F of the form 





^G(2,A,0,DU{s}): ^G{2,A,0,D) 


^G{2,CU{s},0,D) 


^Gi2,A,0,B), \A\ < 1 


K 





^Gi2,A,0,B), \A\ > 2 




Id 



The set P\{i,j} U {s} inherits an ordering from P, assuming s to be the last point; 
therefore the second column of blocks gives no problem. As for the matrix K, write it 
in sub-blocks iiT^, where involves classes (5g(2,a,o,b)- These classes are all obtained 

pushing forward from (j^o,A'^u{z}^ ^ so are the relations among them in -F2P- 
The combinatorics of the map corresponding to the block is then exactly the same of 
the map 

(Ma 



which will be proved in lemma 17 to be injective for lA*-"] > 4. Therefore each Ka, and 



consequently K, has maximal rank. 

As for the case n = 4, we first prove by using the pull-back map 

{M2,{^,J,k,l}) ^ (^2S,s}) ® (^O,{,,fe,/,0) ; 

that in a possible new relation, the coefficients of -i/^-mixed classes and of classes of type 
G vanish. 

We now restrict the map / to the free vector space generated by the classes with non 
vanishing coefficient in a possible new relation in T2 4. By the same arguments used for 
the general case, the new map / is injective, and the proof of our Lemma is complete. 

□ 



Lemma 17 For \P\ > 5, the map 

(-^0,p) ®{x,y}(:iP\{h}H'^ (-^0,P\{x,j/}U{s}) 

is injective. 

Proof. The case |P| = 5 is trivial. 
We can consider 

<t)*A : {Mo,p) ^ H^{MoAyMs} x >^o,ACu{t}) 
as the sum of the two maps 

fX : H'' {Mo,p) ^ ^2 (ATo,Au{s}) , 

/> : {Mo,p) ^ {M^A^vjit}) , 

where the two maps are the pull-back of the map that glues any fixed rational tail to the 
extra marked point. For any such A, there exist {x, y} C P such that A C P\ {x, y}. For 
a suitable choice of the rational tail to glue, we can write a commutative diagram 

■Mo,P\{x,y}U{h} ^ Mo^p 




M 



0,Au{s} 



so that from the induced diagram on we read: ker/p^|^^| C ker/^. Therefore, by 



proposition 2.8 in |AC1| 



C (nAcP,ker/l) = 0. 



^{x,y}cP^(^^ fp\{x,y} 



The statement is proved by induction on |P| . Suppose that x G y^{x,y}c P\{h} ker y-^ j , 
but there exist k € P\ {h}, such that y € fp\^h k} ('^) ^" commutativity of 



i?' {Mo,p) - 

f P\{h,k} 



f 



P\{x,y} 



H"^ (-^0,P\{2^,y}U{t}) 



H'^ {MQ^p\[h,k}\j{u}) ^ H"^ {MQ^p\[h,k,x,y}\j{u,v}) 



we see that y G \p{x,y}(:ip\{h,k} ker fp\^^^ y-^j , hence by induction hypothesis, y = 0, 
and we are done. 

□ 

Proof of Theorem The induction on the genus starts with Lemma !€; then one 
can perform the next few steps by arguments similar to the one used in Lemma and 
get the result for genus up to 6. The procedure is then completed with Proposition |l3|. 

□ 



7 A conjecture on higher degree tautological re- 
lations 

At this point it is natural to formulate a conjecture which is suggested by the proof of 
Proposition 



This conjecture agrees with Harer's and Ivanov's stability theorems (see [Haj and @), 
and with Faber's results and conjectures concerning the tautological ring of the open part 



Mg^n (see [[Fa5| ). 



Conjecture 18 There are no relations between essential tautological classes in H"^^ (Alg^p) 
whenever g > 3k. 



We justify our conjecture. We first need to extend some definitions. A tautological 
class of degree 2k is a push-forward of a degree 21 Mumford class from a codimension k — I 
boundary component; a degree 2k class is unessential if it can be eliminated by means of 
a relation among tautological classes arising in degree < 2k. 

Then we need to build new pull-back formulas, but we can give conjectural ones 
starting from the ones we proved for degree 4. In particular, we claim that they preserve 
the tautological group. 

Under the above hypotheses, there are plenty of boundary components Y\ -^r^ in ■Mg,P 
such that 



contains at least one summand <^H'^^ {'^9j,Pj) '^ith gj > 3j, and gj < g. 

Write a generic linear combination of tautological classes in H^^ (-A4g,p) , and suppose 
it is equal to 0; by pulling back these relation to the above components we can prove that 
many coefficients do vanish: in fact, inductively, there are no relations among essential 
classes in these summands of the cohomology. We also conjecture that the pull-back maps 
in higher degree still satisfy the property that each class is generically a summand in the 
pull-back of at most one class. 

It is then hard to believe that a new relation holds among the few classes whose 
coefficient has not yet been showed to be zero. 

8 Generators of the cohomology group 

Theorem 19 {M.g,p,^ is generated by tautological classes for all g >8. 



Proof. We are following Edidin's scheme of Proof (|Ed|). 

In the proof of this Proposition we plan to give an upper bound for the dimension of 
the cohomology group, and then to use the knowledge of the tautological group and of 
the homology of the mapping class group to prove that, this bound is achieved. 

Let n = 3g — 3 + \P\ be the complex dimension of M.g,p- We write a part of the exact 
homology sequence of the pair {M.g^p, M.g^p\M.g^p) : 

... H2n-i {Mg,p\Mg,p) ^ H2n-i {Mg,p) ^ i^2n-4 {Mg,p ,M g,p\Mg,p) ^ ... 

hence, using Poincare duality for smooth orbifolds: 

dim (Mg^p) = dim i?2n-4 (Mg^p) 

< dimj^H2n^4 {Mg,p\Mg,p) + diuiH"^ (Mg^p) 

We refer to the description of the stratified structure of Mg,p which has been explained 
in section |2[ For any stable graph F, we further denote by Ap the open stratum '^r(-^r)- 
Let 

dMg,p = Mg^p\Mg,p. 

We recall that dMg^p = UjApj, where the Ap/s are the codimension 1 boundary compo- 
nents. 

We denote by ddMg^p the union of the codimension two boundary components, and 
write the homology exact sequence for the pair {dAig^p, ddAig^p) : 

... H2n-i {ddMg,p) ^ H2n-4 {dMg,p) H2n-i {dMg,p, ddMg,p) ... 
Let us look at the relative term. By Lefschetz Theorem ( [pp[| ) we have: 

H2n-4 {dMg,p,ddMg,p) ~ {dMg,p\ddMg,p) . 

The space 

dMg,p\ddMg,p 

consists of the disjoint union of the interior parts of the codimension 1 boundary compo- 
nents, the A?'s. 



We have a precise description of these A°'s as quotients of moduh spaces of smooth curves: 

dMg,p\ddMg,P ~ Ua,A(A^a,Au{s} X Mg^a,A-U{t})/AutTa,AUMg_i^pu{qr}/Autrirr 

The rational cohomology of such quotients satisfies: 

H'' {MrJAutFi, Q) ^ H'' (Mr.Q)^"*"^^ 

where we denote by i?^ (TMrJ"^"*'"' the invariants with respect to the induced AutVi 
action on the cohomology. In the case k = 2, these invariants can be precisely described. 
The cohomology group (Mr J is generated by Mumford classes of degree 2. The class 
Ki is fixed by the automorphism group of any graph, whereas the ■i/'i classes, for i a special 
point , are permuted by the group action in the obvious way. 
We then get 



H\dMg,p\ddMg,p) ~ ®a,AH^{Ma,Au{s} X Mp-a.Acuw)"'"*'''"^ © H\Mg-i,Pu{g,r})^''''''' 
At this point, the bound for the dimension of the cohomology group is: 

dimH^ {Mg,p) < + E dimH\Ma,Au{s} x Al5-a,Acu{t})^"*^'"^ 

a, A 

+ d-imH^{Mg_i,Pu{q,r})^''^^''-' + dimH\Mg,p) + dimi,j,H2n-4 (ddMg 

The space ddMg^p is the union of the codimension two boundary components, which 
we will call Gj's. Their complex dimension is n — 2. An easy application of the Maier- 
Vietoris exact sequence, shows that the obvious map 

k : UiOi — y Ui&i = ddMg,P 

from the disjoint union into the union of these components induces the following isomor- 
phism in homology: 

(BiH2n-4{Qi) ^ H2n-A{ddMg,p). 

Observe that for dimension reasons, dim. H2n-i{Qi) = 1- 
We claim that 

dimz*j*i72n-4 {ddMg,p) < r 

where r equals the number of essential pure boundary classes. This number differs from 
the number of codimension two boundary components because of the presence of Keel's 
relations in genus 0. These relations live in the second homology group of A4o,n- 
The push-forward induced by the map 

Mo,AU{s} ■Mg,P 

determines homological equivalences among codimension 2 boundary components of Aig^p. 
Let 

(p : UiQi — > Mg^p 

be the collection of the inclusion maps of the codimension 2 boundary components. By 
what we said above, the image of the map 



has dimension less or equal than r. Since (j) = k o i o j, and k^, is an isomorphism, this 
implies that 

dimi*j;i?2n~4 (ddMg^p) < r. 

Our final bound is: 

d\mH*{Mg,p) < 5^dimi/2(_M,^^uM X-^s-a.A^uw)^"*^--^ 

a, A 

+ dimF2(A^^_i_Pu{,r-})^"*^-'- (5) 
+ dim H\Mg,p) + r 

By Ivanov ([0]), Harer ( |Ha| ) , and Loojenga's ( [po| ) stability theorems for the homol- 
ogy of the mapping class group, (Aig^p) is freely generated by Mumford classes, for 

g>8. 

Instead of computing the dimension of all the cohomology groups involved in (|5|), we 
proceed more indirectly. We show that there is a bijection between the following two sets. 
On one hand, the set Bg p, on the other, the set whose elements are the r pure boundary 
classes in Bg p and the vectors belonging to the natural bases of the cohomology vector 
spaces appearing on the right hand side of the above inequality (|5|). The upper bound 
for the dimension of the cohomology group is therefore achieved, and consequentely the 
tautological classes generate the cohomology group. 

The bijection directly follows from the definition of essential tautological classes: 

• pure Mumford classes in Bg p correspond to a basis for 

• mixed boundary classes in Bg p correspond to a basis for 

• pure boundary classes in Bg p are exactly r. 
This completes the proof. 

□ 
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